Abstract. We show that any C 1 -diffeomorphism with a basic set has a C 1 -neighborhood satisfying the following properties. A generic element in the neighborhood has a unique measure with maximum total exponent which is of zero entropy and fully supported on the continuation of the basic set. To the contrary, we show that for r ≥ 2 any C r -diffeomorphism with a basic set does not have a C r -neighborhood satisfying the above properties.
of an expanding map on the circle as invariant Borel probability measures minimizing (resp. maximizing) the integral of the Lyapunov exponent. A Lyapunov maximizing measure is a kind of maximizing measures for a given function, which are invariant Borel probability measures (with respect to a fixed dynamical system) maximizing the integral of the function. Maximizing measures are mainly considered in ergodic optimization formulated by O.
Jenkinson [9] , and have been studied in various references (e.g., see [1] , [4] , [8] , [10] , [11] , [12] , [13] , [17] , [18] , [22] , [23] ). In particular, O. Jenkinson and I. D. Morris [13] proved that a generic C 1 -expanding map on the circle has a unique Lyapunov maximizing measure with zero entropy and full support.
However such a measure can be defined only for maps on the circle, and their argument works only on the circle. So it is natural to ask whether the result is extended to expanding maps on a general compact manifold or not.
To consider the question, in [15] , we introduced the notion of measures with maximum total exponent including naturally Lyapunov maximizing measures as a special case, and gave an affirmative answer. That is, we proved that a generic C 1 -expanding map on a compact manifold has a unique measure with maximum total exponent, which is of zero entropy and fully supported.
Our work in this paper is also related to measures with maximum total ex-ponent, which are defined not only for expanding maps but also for C 1 -maps with nonvanishing Jacobian. If a class of those maps is given, the following is a natural and interesting question: Which properties about measures with maximum total exponent are generic in the class? Moreover, if we consider diffeomorphisms with hyperbolic structure, then an answer to the following problem raised by O. Jenkinson (see [9] Problem 4.4) may be obtained:
Problem Let T : X → X be any transitive hyperbolic map on a compact metrizable space X with local product structure. Find an explicit example of a continuous function with a unique maximizing measure of full support.
Therefore we shall investigate diffeomorphisms with hyperbolic structure.
Now let us recall the definition of measures with maximum total exponent.
In order to study diffeomorphisms, we introduce a slightly generalized definition. Let M be a compact smooth Riemannian manifold without boundary.
It is also assumed to be connected throughout the paper. Let d(·, ·) denote the distance function on M induced by the Riemannian metric on M . Consider a C 1 -diffeomorphism T : M → M and a compact T -invariant set Λ.
We denote by M (T, Λ) the space of all T -invariant Borel probability measures supported on Λ equipped with the weak- * topology. Let DT (x) be
MEASURES WITH MAXIMUM TOTAL EXPONENT
4 the derivative of T at x ∈ M . We denote by J(T )(x) the Jacobian of T at x ∈ M , i.e., J(T )(x) is the absolute value of the determinant of DT (x). For µ ∈ M (T, Λ), we define
and put λ (T, Λ) = sup
ν∈M(T,Λ)
λ (T, ν). We call µ a measure with maximum total exponent on Λ for T if λ (T, µ) = λ (T, Λ) holds. By virtue of the Oseledec theorem, λ (T, µ) is equal to the integral of the total Lyapunov exponents of T with respect to µ. Therefore we see that a measure with maximum total exponent for T is a T -invariant Borel probability measure maximizing the integral of the total Lyapunov exponents of T . Let L (T, Λ)
be the set of all measures with maximum total exponent on Λ for T . Since T is a C 1 -diffeomorphism and M (T, Λ) is compact, we see that L (T, Λ) is not empty. In our previous work [15] , it was enough to consider only measures with maximum total exponent on M since any expanding map can not be decomposed into smaller parts because of its topological transitivity on M .
To study maps without the property, we need the notion of measures with maximum total exponent not only on M but also on a compact invariant set (especially, on a basic set mentioned below).
Next, we summarize terminology and notation about hyperbolic sets. Let Λ be an isolated compact T -invariant set with an isolating neighborhood U ,
i.e., Λ = ∩ i∈Z T i (U ) holds. We assume further that Λ is hyperbolic for T ,
i.e., there exists a DT -invariant splitting As usual, for r ≥ 1, let C r (M, M ) denote the space of all C r -maps from M to M equipped with the C r -topology and let Diff r (M ) denote the set of all C r -diffeomorphisms on M .
The following two theorems are our main results.
Then there exists an open neighborhood
of the following properties is generic in U.
(1) S has a unique measure with maximum total exponent on the continuation
(2) Any measure with maximum total exponent on Λ S for S has zero entropy.
(3) Any measure with maximum total exponent on Λ S for S is fully supported on Λ S .
In particular, for a generic element S in U, the measure with maximum total exponent on Λ S is unique, ergodic, of zero entropy and fully supported on Λ S .
For diffeomorphisms with higher regularity, we have the following result. From Theorem 1.2, we see that any C r -diffeomorphism with a basic set never has a C r -neighborhood in which the properties in Theorem 1.1 are generic. In order to prove Theorems 1.1 and 1.2, we modify the arguments used in [13] and [15] . An advantage of our proofs is that we can deal with a class of maps in which the continuations of a basic set are not constant.
In the proofs, conjugacy maps mentioned above play a more important role.
So we give a precise construction of conjugacy maps. To do this, unlike that in [15] , we use not Contraction Principle but the shadowing lemma.
Next, we state two results obtained as applications of Theorems 1.1 and
any element S in some C 1 -neighborhood of T , there exists a conjugacy map from Ω(S) to Ω(T ), where Ω(T ) is the nonwandering set of T . We say that T satisfies Axiom A if Ω(T ) is hyperbolic and the totality of periodic points of T is dense in Ω(T ). It is known that every C 1 -Ω-stable diffeomorphism satisfies Axiom A (see [14] and [19] 
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Preliminaries
We summarize some properties of hyperbolic dynamical systems needed in
if there exists n ∈ N such that x i+n = x i for any i ∈ Z, then we say that
then we say that y α-shadows {x i } n i=m by T . We treat only the case of m = −∞ and n = ∞ in this paper. So we write as
for the sake of simplicity. We need the following lemma (see Theorem 9.3.1
in [20] for the proof).
For any α > 0 there exist β > 0 and
well-known that there exists an open neighborhood U of T in the C 1 -topology satisfying the following properties (see [7] and [20] ):
(1) For any S ∈ U, the continuation Λ S of Λ for S is a basic set for S.
(2) There exists λ ∈ (0, 1) which is a skewness of S on Λ S for any S ∈ U.
A number β > 0 as in Lemma 2.1 is obtained depending on α > 0 and a skewness of T on Λ. Therefore, by simple modification, we can generalize Lemma 2.1 as follows. 
Lemma 2.2 Let
Let T : M → M be a C 1 -diffeomorphism with a basic set Λ. By the shadowing lemma and topological transitivity of T on Λ, we see that the set of all periodic points of T is dense in Λ. It is well-known that a hyperbolic
set Ω for T is isolated if and only if Ω has local product structure, i.e., there
is the local unstable manifold at p and
is the local stable manifold at q. This fact enable us to obtain the spectral decomposition of Λ in the sense of Smale in the same way as in the proof of Theorem 3.5 in [3] . More precisely, Λ can be written as
where the X i are pairwise disjoint closed sets such that T (X i ) = X i+1 for any
where
is the global unstable manifold at p. Therefore we can show the following lemma in the same way as the proof of Lemma 1 and Lemma 2 in [21] .
Lemma 2.3 Let
Then we have the following.
(2) Let Y be a proper closed subset of Λ. Then for any µ ∈ M(T, Λ) with
converges to µ in the weak- * topology and
Next, we show that basic sets are stable (see [7] and Theorem 9.7.4 in [20] ).
Lemma 2.4 Let
T : M → M be a C 1 -diffeomorphism with a basic set Λ. If S is a C 1 -diffeomorphism close enough to T in the C 1 -topology, then S is hyperbolic on Λ S and there exists a homeomorphism h S : Λ S → Λ such that T •h S = h S •S on Λ S . Furthermore both sup x∈Λ S d(h S (x), x) and sup x∈Λ d(h −1 S (x), x) go to 0 if S is in some neighborhood of T in the C 1 -
topology and S goes to
T in the C 0 -topology.
P roof. As mentioned above, if S is close enough to T in the C 1 -topology, then Λ S is a basic set for S. We just construct a homeomorphism h S : Λ S → Λ as desired.
Since Λ is a basic set for T , as shown in [16] , there exist a neighborhood U 1 of T in the C 1 -topology and a positive number α such that each element S ∈ U 1 is expansive on Λ S with expansive constant α, i.e., x, y ∈ Λ S and
Moreover, by Lemma 2.2, we see that there exist a neighborhood U 2 ⊂ U 1 of T independent of α, 0 < β < α/2 and η > 0 such that if S ∈ U 2 then any β-pseudo-orbit of S contained in an η-neighborhood of Λ S is α/2-shadowed by S by a unique point in Λ S . Now we take an isolating neighborhood U of Λ such that
Then we can take a neighborhood U ⊂ U 2 of T in the C 1 -topology such that
and sup
contained in an η-neighborhood of Λ. Therefore there exists a unique point
) .
We define the map h S : Λ S → Λ in this way.
Next, we verify that h S : Λ S → Λ is continuous. For any γ > 0, there
Therefore, if y ∈ Λ S is close enough to x then we have
Thus, we see that h S : Λ S → Λ is continuous. Moreover, for any x ∈ Λ S ,
Next, we verify that h S : Λ S → Λ is a homeomorphism. Note that we may assume that for any S ∈ U, Λ is contained in B(Λ S , η) (see Theo-
Therefore we obtain that
Thus, from the property of α, we
for any x ∈ Λ S . Hence we see that h S : Λ S → Λ is a homeomorphism and
goes to 0 then both sup
S (x), x) go to 0. Therefore we see that the last assertion is valid.
Next, we summarize some facts on invariant measures and entropy. As usual, h(T, µ) denotes the metric entropy of T with respect to the T -invariant measure µ.
topology and converging to T in the C 0 -topology. Then we have the following. (1) For each n ∈ N, put µ n = µ•h n . Then we see that µ n is in M(T n , Λ Tn ).
Moreover we can show that {µ n } converges to µ in the weak- * topology in the same way as the proof of the assertion (a) of Lemma 3 in [13] . . For each n ∈ N, we have that
n } converges to µ in the weak- * topology, we obtain
Finally, we state a fact on measures with maximum total exponent. 
Lemma 2.6 Let
T : M → M be a C 1 -diffeomorphism with a basic set Λ. If
Proofs of Theorems 1.1 and 1.2
In this section, we shall prove Theorem 1.1 and Theorem 1.2. We need a theorem on perturbation of C 1 -diffeomorphisms to prove these two theorems.
We prepare a special fundamental neighborhood system in the C 1 -topology to state the theorem. Consider a
of compact subsets such that we have that
For > 0, we define
It is well-known that {N (T, )| > 0} is a fundamental neighborhood system of T composed of open sets in the C 1 -topology. Now we state a perturbation theorem which we need to prove Theorem 1.1 and Theorem 1.2. 
, where K 0 and K 1 are constants independent of , γ and δ.
Such a kind of perturbation theorem for C 1 -maps with nonvanishing Jacobian is proved in Section 3 in [15] with 0 = 1. As a corollary to the theorem we also obtain the corresponding result for C 1 -expanding maps (see Corollary 1 in Section 3 in [15] ). The corollary is proved by applying the perturbation theorem with 0 so small that the perturbed map can be expanding. In the present situation, it suffices to apply the same perturbation theorem to a C 1 -diffeomorphism with 0 so small that the perturbed C 1 -map can be a diffeomorphism. Thus we see that Theorem 3.1 is an easy consequence of the perturbation theorem in Section 3 in [15] . So we omit the proof. 
It is well-known that such a metric ρ exists. We prove the following proposition to show that a generic element in U satisfies the properties (1) and (2) of Theorem 1.1. 
Proposition 3.1 For κ > 0, put
Taking subsequences, we may assume that µ n and ν n converge to µ and ν, respectively. By Lemma
2.6, we obtain that µ and ν are in L(S, Λ S ). Thus we have that ρ(µ, ν) ≥ κ, consequently R κ is open in U.
Next, we show that S κ is open in U. By Lemma 2.4, we see that for any S ∈ U, S| Λ S is topologically conjugate to T | Λ . Therefore we have that
upper semi-continuity of the entropy map
h(S n , µ). Taking a subsequence, we may assume that µ n converges to µ. By Lemma 2.6, we obtain that µ is in L(S, Λ S ). By the assertion (3) of Lemma 2.5, we have
Thus we see that S κ is open in U.
Finally, we show that R κ and S κ are dense in U. Take any S ∈ U and any 0 < < 0 , where 0 > 0 is as in Theorem 3.1 for S. By the assertion (1) of Lemma 2.3, we have a periodic point x 0 ∈ Λ S for S with least period
where Moreover for any sufficiently small 0 < < 0 , we see that S δ is in U. By the assertion (5) of Theorem 3.1 and the inequality (3.2), we obtain
Take any strictly decreasing sequence 0 < δ n < δ 0 converging to 0 and any µ n ∈ L(S δn , Λ S δn ), where δ 0 > 0 is as in Theorem 3.1 for S, and γ. By the assertion (4) of Theorem 3.1, we see that S δn converges to S in the C 0 -topology. Taking a subsequence, we may assume that µ n converges to µ. By the assertion (2) of Lemma 2.5, we see that µ is in M(S, Λ S ). Therefore for any sufficiently large n, we have
(3.4)
From the inequalities (3.3) and (3.4), for any sufficiently large n, we obtain
Now for any 0 < δ < δ 0 and any 0 ≤ i ≤ p − 1, let U i δ be the neighborhood of
Since {δ n } is a strictly decreasing sequence, by the assertion (2) of Theorem 3.1, we have that U δ n+1 ⊂ U δn for any n, and
is the orbit of x 0 for S. Then by the assertions (6) and (3) of Theorem 3.1 together with the inequality (3.5),
we obtain
the weak- * topology, for any n, we have
Thus, from the property (3.1) of ρ, we have
Hence we obtain that S δ ∈ R κ for any sufficiently small δ > 0. Moreover, from the assertion (3) of Lemma 2.5, we have
Hence we obtain that S δ ∈ S κ for any sufficiently small δ > 0. By the assertion (4) of Theorem 3.1 and the arbitrariness of > 0, we see that R κ and S κ are dense in U.
Next we give a proposition which implies that a generic element in U satisfies the property (3) of Theorem 1.1. For S ∈ U, let h S : Λ S → Λ be the homeomorphism constructed in Lemma 2.4. Then we have the following proposition.
Proposition 3.2 For a nonempty proper closed subset
Then M 1 (Y ) is closed and nowhere dense in U.
Sn (Y ). Then, by Lemma 2.6, we see that any
Taking a subsequence, we may assume that µ n converges to µ. Since h
for any x ∈ Λ Sn and any i ∈ Z, we have that h
−1
Sn converges to h −1 S on Λ in the C 0 -topology. Therefore we see that
S in the weak- * topology. Since Y is closed, we have 
Applying Theorem 3.1 to S and x 0 with γ = 1, we have a perturbation S δ along the orbit of x 0 for S. By the assertions (1) and (4) of Theorem 3.1, we see that µ 0 is in M(S δ , Λ S δ ) and sup
Moreover, for any sufficiently small 0 < < 0 , we see that S δ is in U. Now take a positive integer 
S (Y )) and
Therefore for any measure µ with µ(Y N 0 ,δ ) = 1, we see that µ is S δ -invariant if and only if µ is S-invariant.
with µ(h
From the inequality (3.6) and the assertion (5) of Theorem 3.1, we have
Therefore, from the inequalities (3.7) and (3.8), we obtain
By the assertion (4) of Theorem 3.1 and the arbitrariness of > 0, we see
Now we are in a position to finish the proof of Theorem 1.1. By Propo- respectively. This completes the proof that a generic element in U satisfies (1) and (2) of Theorem 1.1.
Next let {B n } be a countable open basis of Λ. We may assume that
is a residual subset of U and any element in
satisfies the property (3) of Theorem 1.1. This completes the proof that a generic element in U satisfies (3) of Theorem 1.1.
In order to verify the second assertion in Theorem 1.1, it suffices to show that the unique measure with maximum total exponent on Λ S for S satisfying
(1) of Theorem 1.1 is ergodic with respect to S. To this end, let µ be the unique measure with maximum total exponent on Λ S for S. Then by virtue of the ergodic decomposition theorem, we see that there exists a probability measure τ on the set E (S, Λ S ) of all ergodic measures with respect to S| Λ S such that
Since µ is a measure with maximum total exponent on Λ S for S, we see that τ -a.e. ν must be a measure with maximum total exponent on Λ S for S.
Therefore we can easily see that the uniqueness of µ yields its ergodicity.
Finally, we prove Theorem 1.2. We need the following lemma (see Theorem 4.7 in [9] ). 
We omit the proof (for the proof, see [2] ).
P roof of T heorem 1.2. If Λ consists of a periodic orbit of T , then Theorem 1.2 follows by Lemma 2.4. We assume that Λ is not a periodic orbit
Therefore, by Lemma 3.1, there exists a continuous function ϕ :
If there exists a µ ∈ L(T, Λ) such that supp(µ) = Λ then we must have
Therefore we obtain L(T, Λ) = M(T, Λ). Since Λ is not a periodic orbit of T , there exist two distinct periodic orbits of T contained in Λ. Therefore, by perturbing along a periodic orbit, we can construct a C r -diffeomorphism
Moreover, for any sufficiently small neighborhood U ⊂ Diff r (M ) of T , the set of all C r -diffeomorphisms S ∈ U such that supp(µ) = Λ S for some µ ∈ L(S, Λ S ) is closed in U. Thus, we see that this set is closed and nowhere dense in U.
Proofs of Theorems 1.3 and 1.4
In this section, we show Theorems 1.3 and 1.4. Consider a C 1 -diffeomorphism Recall that a
For r ≥ 1, we denote by T r the totality of
From the definition, we see that the set T r is open in Diff r (M ). It is known that every element in T 1 satisfies Axiom A (see [14] and [19] ). Moreover, by Smale's spectral decomposition theorem (see Theorem 3.5 in [3] ), for any Axiom A diffeomorphism T , its nonwandering set Ω(T ) can be written as (1) By definition, there exists a homeomorphism h : Ω(S) → Ω(T ) such that 
. Then, by Lemma 2.6, we see that any weak- * accumulation point of {µ n } is in L(T, Λ 1 ). Therefore we
. Thus we have that T is not in T Now we show that the properties (1), (2) and (3) of Theorem 1.3 are generic in T 1 . To this end it suffices to show that the properties (1), (2) and ( (1), (2) and (3) of Theorem 1.3}.
Then for any T ∈ T 1 0 , we obtain that T ∩ U T is a residual subset of U T .
Since for any V ∈ V we have that V ⊂ U T for some T ∈ T 1 0 , we see that
is a residual subset of T 1 0 . Since
where the intersection is taken over V ∈ V. Thus T is a residual subset of We close this paper with the following remark. Since a conjugate homeomorphism maps the nonwandering set to the other one, we have that every structurally stable diffeomorphism is C 1 -Ω-stable.
Therefore it is obvious that Theorems 1.3 and 1.4 hold even if we replace C
